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The semiclassical theory is used to introduce two critical energies elucidating the energy dependence of the angular dis- 
tribution and of the scattering mechanism for elastic scattering ofa-particles from nuclei. Experimental data are confronted 
with this concept. 
The angular distribution of the elastic scattering 
of a-particles from nuclei shows a typical variation 
with the bombarding energy [1 ], which is common 
to many target nuclei. As already discussed by Gold- 
berg et al. [2,3], an interesting quantity in understand- 
ing the energy variation of the angular distribution is
the energy whose corresponding grazing angular mo- 
mentum is the lowest partial wave which has no po- 
tential pocket in the ener~ surface. Let us call this 
-(*a For the the first critical energy ecnt. optical potential 
which fits o~-90Zr scattering data e (1) is around 80 exit 
MeV. The structure of the angular distribution in fact 
drastically changes as the incident energy crosses this 
energy (see fig. 1 of ref. [ 1 ]). 
The fairly complicated angular distribution over 
the whole angular ange observed at energies lower 
than e (1) has been interpreted in terms of the inter- C~lt 
ference between the waves reflected at the external 
potential barrier (the barrier waves) and the waves 
reflected by the internal centrifugal potential Farrier 
(the internal waves) [4,5]. In the semiclassical nalysis 
of the relevant data there exist three important turn- 
ing points for each partial wave, especially for surface 
partial waves (see fig. 1). For energies above e (1) the c~lt 
differential cross section strongly oscillates at forward 
angles, shows a gross hump at medium angles, and 
then monotonically decreases with angle. This pat- 
tern has been observed for energies up to 166 MeV 
[1,3,6], the highest energy for which experimental 
data are available at this moment. The gross hump 
has been attributed to a nuclear ainbow effect [2,3, 
7]. We have calculated the differential cross section 
for a-scattering from 90Zr for energies between 170 
MeV and 300 MeV b'y using optical potentials with 
an average Woods-Saxon form factor given by [1] 
r R=l .245fm,  a R=0.801fm,  
r w = 1.570 fm, a w = 0.567 fm. (la) 
The values of the strength of the real and imaginary 
potentials V0 and W 0 were taken as 
Vo(Ea) = 155.2(1 - 0.0016 Ea) , ( lb) 
W0(Ea) = 19.2(1 + 0.0003 Ea) ,  (lc) 
which well represent the V 0 and W 0 values at 80-142 
MeV [1]. The feature of the angular distributions thus 
obtained for these high energies i  essentially the same 
as that for energies between e(l~t and 166 MeV. 
In this letter, we will be mainly concerned with the 
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Fig. 1. Comparison of the distribution of turning points, the absolute value of the total S matrix I~ I as a function of the angular 
momentum, the classical deflection functions and energy surfaces for a few partial waves at three typical energies for a + 9°Zr 
scattering. 
scattering mechanism above the first critical energy. 
We will show that the incident energy has to be much 
higher than e (1) in order that one could interpret he ~lt  
gross hump at medium angles in terms of a nuclear 
rainbow effect. In this connection, we introduce a 
second critical energy e(er2~)t, the basic idea of which is 
as follows. When the incident energy is not so far above 
e(l~t, the existence of the external potential barrier 
should still be felt and a fraction of the incident waves 
should be reflected there. In the language of semiclas- 
sical theory, for some partial waves there are still three 
important urning points and the interference between 
the barrier and the internal waves still plays an impor- 
tant role. At very high energy, the existence of the exter- 
nal potential barrier should, of course, not be felt at all 
and there is only one turning point for each partial wave. 
We define the second critical energy, e(r2~t, as the energy 
where one turning point becomes ufficient. In what fol- 
lows we use the nomenclature energy region I, II and III 
to denote energies below e~t ,  between e(clr!t and e(21)t 
and above e~)t, respectively. 
The calculations reported in this letter were made 
for a + 90Zr scattering, but the general idea is applicable 
to other systems as well. Fig. I shows the trajectories of 
the turning points, the absolute value of the total S 
matrix r/as a function of the angular momentum l, 
the classical deflection function O, and effective po- 
tential surfaces for three typical incident energies ** 
On each trajectory of turning points, there exists one 
turning point for each partial wave. The arrows on 
the trajectories of turning points indicate the direc- 
tion of movement of the turning point with increasing 
angular mometum. The thick dot at the middle of the 
trajectories i the turning point for the partial wave 
for which [r/I is 2 -1/2. For E a = 200 MeV there exists 
a trajectory r a in the vicinity of the real axis. The 
other trajectories of turning points are so far away 
from the real axis that one can disregard them. The 
S matrix is thus simply given by 
r/(/) = r/a(/) = e 2i°(l) e2i6a (1) , (2) 
where o(/) is the Coulomb phase shift and the nuclear 
phase shift ~a(/) is given by the conventional JWKB 
formula with respect o the complex turning point r a. 
At 99.5 MeV, though the angular distribution looks 
quite similar to that at 200 MeV, one needs to take 
into account hree turning points. In this respect he 
*l The optical potential parameters given by eq. (1) have been 
used for these calculations, except for Ea = 40 MeV for 
which the best-fit parameters of ref. [1 ] were used. 
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situation is similar to that at 40 MeV. The total S ma- 
trix is therefore given as a sum of two terms [4,5], 
r/(l) = r/B(l) + r/iV) , (3) 
where the barrier and the internal wave S matrices r/B 
and r/I are given by 
r/B(/) = e 2ia(/) e2i~l(l)/N = r/~O)(l)/N, (4) 
r/l(/) = e 2ia(l) (e2iSl(l)/N) e2iS21 (e2iSaz/N). (5) 
In eqs. (4) and (5) 31 is the conventional JWKB phase 
shift with respect o r 1. Si/is the classical action inte- 
gral between the complex turning points r i and r/. The 
barrier penetration factor N is given as a function of 
z = $21/lr [4]. Though it is not so decisive as in the 
energy region I, it is still not negligible for intermediate 
partial waves. The r.h.s, of eq. (5) should in general 
be multiplied by the enhancement factor h, which 
represents the effect of multiple reflection of waves 
inside the potential well. This factor is almost unity 
in our present example, so that we have not explicitly 
written it in eq. (5). 
The oscillations in the absolute value of the total 
S matrix have been attributed to the interference 
between'the barrier and the internal wave S matrices 
[4,5,8]. The oscillations observed in Ir/I for E = 99.5 
MeV thus clearly indicate that the splitting of the total 
S matrix into a sum of the barrier and the internal 
wave S matrices is still meaningful at this energy and 
the interference of these waves is expected to play an 
important role in producing the final angular distribu- 
tion (see fig. 2). Differently from the case of low ener. 
gies, e.g. at 40 MeV, oscillations appear only for sur- 
face partial waves in Ir/I for 99.5 MeV. This is because 
Ir/B I at this energy is very small for low partial waves. 
\ \ . ,  \ 
4¢~ "2 N 
9°Zr(ct,ct) g°Zr I EL= g95 MeV) 
(1 235. 133 3, 0.805) 
(1571. lg 63, 0,562) 
OSC 
. . . . .  O B 
. . . . .  d I 





0 20 40 60 80 100 120 140 160 180 
o Imb)  




10 "I . 
m,- 
e ° 0 10 
g°zr( o..ot )g°zr ( E L =200 MeV) 
( 12~6, io5 o, o.6oi 3 
11 STO. 19 3 o.s~71 
. .  OSC 
• • • 0 0 
2'0 3'0 Lo Ko ;° 
Fig. 2. Decomposition f the differential cross section and comparison between semiclassical nd quantum calculations. 
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At 200 MeV 1771 is a monotonic function of the angular 
momentum 1.This is a natural consequence of the fact 
that there exists only one important turning point for 
each I at this energy. The oscillation amplitude isabout 
10, 3 and 1% at 155,160 and 165 MeV, respectively. 
The oscillation disappears above 170 MeV. The second 
critical energy for ~-90Zr scattering is thus around 
165 MeV. 
Though the existence of the external potential bar- 
rier leads to a distribution of turning points for medium 
energies similar to that for low energies, the role of the 
external potential barrier is clearly less important in 
energy region II. The consequence is, for example, 
that the behaviour of Ir/B(/)l in region II as a function 
of l is mainly determined by the imaginary potential. 
In this sense, the S matrix r/B(/) at medium energies 
describes a reflective-diffractive scattering and might 
correspond to the diffractive S matrix SD(;k)discussed 
in ref. [9]. Similarly, the function Ir/a(l)l in region III 
is also mainly governed by the imaginary potential. 
This can be seen more explicitly as follows. We first 
notice that the behaviour of I%(l)1 and Ir/B(l)l in region 
III and II, respectively, looks similar to that of the 
smooth cut-off model for the S matrix [10]. In energy 
region II INI is nearly one for all partial waves, so that 
the behaviour of Ir/B(/)l as a function of I is almost 
the same as that of Ir/~0)(l)l. We then define the cut-off 
angular momentum L e and the diffuseness parameter 
A L by 
I~'(Lc)I = 1/2, I~(L e + 2.2AL)I = 0.9, (6) 
where ~(l) represents r/a(/) or r/~0)(l) in energy region 
III or II, respectively. In order to relate the quantities 
L e and A L to the optical potential parameters, we now 
remark that rl(l) or ra(l ) for medium and high partial 
waves lie in the vicinity of the corresponding distance 
of closest approach for the Coulomb scattering re(l ) . 
The JWKB formula for the phase shift then leads to 
[111, 
1{ 2rrre /1/2 
281 (/) = 28a(/) = G 1 -nT~re)  I 
X (VoalR/2e- ( re  - RR) /aR  
+ ileoalw/2 e-  (r c - g w)/aw} , (7) 
and hence 
~, = l + 1/2 ~- k{R w + aw [-4.366 - ln(ln(Ir/(X)l-1)) 
- ln(o/c) + ln(le0) + ½ ln(aw) ]}. (8) 
In eqs. (7) and (8), the quantities o, n and k are the 
initial speed of the relative motion, the Coulomb param- 
eter, and the wave number, respectively. In obtaining 
eq. (7), we have assumed an optical potential with the 
Woods-Saxon form factor and have used the asymp- 
totic form, because in the relevant energy region re(1 )
lies in the tail region of the optical potential. For the 
cut-off angular momentum defined by eq. (6), the 
various terms in the square bracket in eq. (8) almost 
cancel against each other. We thus obtain 
k c =L c+ 1/2 ~k  • R w . (9) 
From eqs. (6) and (8) it follows directly that 
A L =0.856k .  a w . (10) 
Eq. (9) and a formula similar to eq. (10)have often 
been used in analyzing data of heavy-ion collisions. 
To the author's knowledge, however, the derivation 
of these equations [10] seems not to have been clear 
so far [12]. 
The prediction of eqs. (9) and (10) agrees very well 
with the numerical results of eqs. (2) and (4). This 
clearly shows that the imaginary potential plays the 
decisive role in determining the behaviour of Ir/(/)l at 
medium and high energies. This contrasts with the case 
of low energy scattering from an optical potential with 
a deep real part [5]. In that case, ~'c is mostly determined 
by the real potential and is close to the grazing angular 
momentum ~'gr, for which the top of the effective po- 
tential barrier coincides with the incident energy and 
[r/B(;kgr)l = 2 -1/2. The diffuseness parameter A L is 
strongly affected by the barrier penetrability and hence 
is essentially determined by the factor N. Accordingly, 
it is well represented in terms of the quantities specify- 
ing the surface properties of the effective real potential 
and not those of the imaginary potential [5]. 
In fig. 1, the classical deflection,function O(X = l + 
1/2) has been calculated by taking the difference of the 
real part of the phase shift at l + 1 and l. We notice that 
OQ,) for E a = 200 MeV exhibits a nuclear ainbow at 
-43 °. For 40 and 99.5 MeV, we have separately given 
the deflection functions corresponding to the barrier 
and the internal wave S matrices. Though one observes 
a nuclear ainbow in ®I, it does not play any role, 
because It/i[ is very small at the rainbow angular mo- 
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mentum. One might try to combine Oa(l ) and Oi(/) 
in order to obtain a deflection function corresponding 
to the ~total S matrix ~7(l) which looks similar to O(l) 
in the energy region III and shows a nuclear ainbow. 
The result would, however, not be very reliable because 
at low and at medium energies the phase of 7/(/) changes 
very drastically around the transitional ngular momen- 
tum where the dominance of *IB(/) replaces the domi- 
nance of r/i(/). 
Fig. 2 shows the cross sections as calculated by tl~e 
partial wave summation of the scattering amplitudes. 
The semiclassical S matrices at 200 MeV and at 99.5 
MeV are given by eqs. (2) and (3), respectively. At 200 
MeV the semiclassical calculation agrees very well with 
the quantum calculation. The cross section at 99.5 MeV 
has been decomposed according to the splitting of the 
S matrix [4]. The agreement between the quantum and 
the semiclassical calculations at this energy is not so 
good as that at 200 MeV. Nevertheless, the general struc- 
ture of the angular distribution in the quantum calcula- 
tion is well reproduced by the semiclassical calculation. 
The remarkable thing is that the gross hump at medium 
angles for this energy is caused by the interference 
between the barrier and the internal waves and is not 
related to rainbow scattering. Concerning the hump ob- 
served in the angular distribution in energy region II, 
we are thus led to a quite different picture from that 
of refs. [2,3,7], where the authors attribute it to a nu- 
clear rainbow effect. Notice that the similar interference 
effect is absent at 200 MeV. This indicates that the ori- 
gin of the gross hump in energy region III is completely 
different from that in energy region II, although in both 
energy regions the imaginary potential plays an impor- 
tant role. 
In conclusion, the semiclassical nalysis of a-90Zr 
scattering from an optical potential, which fairly well 
fits the experimental data, indicates that there exist two 
critical energies in the scattering of ~ particles from 
nuclei. In the low energy region (region I), there exist 
in general three active turning points for each partial 
wave. The interference b tween the barrier and the 
internal waves leads to a complicated oscillation pat- 
tern in the differential cross section over the whole 
angular ange. At high energies (region III), there is 
only one important turning point for each partial wave. 
The gross hump observed at medium angles in the dif- 
ferential cross section might be associated with the 
nuclear ainbow which manifests itself in the classical 
deflection function. In the intermediate energy region 
(region II), the angular distribution looks very similar 
to that in region III. Nevertheless, there exist three 
important turning points for some surface partial waves 
due to the existence of the external potential barrier, 
though the role of the real potential is less important 
compared to the case of energy region I and the role 
of the imaginary potential becomes more decisive. 
The gross hump in the angular distribution is caused by 
the interference between the barrier and the internal 
waves and cannot be described as a rainbow phenome- 
non. 
With the aim of directly determining the second 
critical energy from experimental data, we have studied 
the energy variation of O M, the angle where the hump 
in do(0)/dOR(0 ) is maximum, and of r, the slope of 
ln(do(0)/dOR(0)) beyond OM, in the angular distribu- 
tions for t~ + 90Zr as calculated up to Ea = 300 MeV 
for the potentials given by eq. (1). As the gross hump 
in the angular distribution arises from a different origin 
in energy regions II and III, one might expect significant 
changes in these quantities qround the second critical 
energy. We found, however, that neither 0M(Ea) nor 
K(Ea) show evident changes around e~ t. The curve 
r(Ea) against x/ff~-~ shows a striking kink at i f= 100 
MeV. The relation between E and the critical energies 
is, at this moment, not clear. Studies along this line 
are now in progress. 
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